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Abstract

In this work we study a special case of the well-known Rural Postman Problem (RPP)
with the characteristic of being defined in a graph that has a non-required edge parallel
to each required one. We formulate the problem with three binary variables associated
with the traversal of a required edge and its parallel non-required one. Although some
variables are superfluous, in addition to being interesting by itself, this model is attractive
because it is the special case for K = 1 of the RPP with K vehicles (K-RPP) and its
polyhedral study is necessary for that of the general case.

We study the polyhedron defined by the convex hull of the set of feasible solutions
of the problem and show that several wide families of inequalities induce facet of this
polyhedron under mild conditions.
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1 Introduction

Arc routing problems (ARPs) are those problems in which one or more vehicles have to meet
the demand of some customers (modeled as edges or arcs of a graph) so that a given objective
is optimized. Customers can be city streets, highways, lines that define contours of figures,
etc., whose cleaning must be carried out, their snow must be removed, or the contour cut, for
example. The objective can be to minimize the total distance traveled, balance the duration
of the routes, or maximize the benefit obtained by serving customers, for example. The
reader can consult the references [11], [8], [5], [16], and [/] to find information on models,
applications and solution procedures for ARPs.

In this paper we deal with the Rural Postman Problem (RPP). The RPP is a generalization
of the well-known Chinese Postman Problem ([13]), which was introduced by Orloff [18] and
can be defined as follows. Given an undirected graph G = (V, E), and a set of “required”
edges FR (representing those that must be serviced), the RPP is to find a minimum cost closed
walk traversing each edge in Er at least once. If the graph induced by Eg is connected, the
RPP can be solved in polynomial time, otherwise, it is NP-hard ([15]).

When the number of required edges is large, a single vehicle may not be sufficient to
service all customers and several vehicles are needed. These multi-vehicle problems are much



more difficult to solve and require conditions to balance the lengths of the routes of the
different vehicles. A widely used condition is to limit the length of the route of each vehicle
by a certain value (determined by the capacity or autonomy of the vehicles, by the working
hours of the drivers, etc.). This problem, the Length Constrained K—vehicles Rural Postman
Problem (LC K-RPP) has been studied in [2] and [3] and can be defined as follows.

Let G = (V, E) be an undirected graph, with set of vertices V', and set of required edges
Er. We call non-required edges to those in Eng = E'\ Eg. Each e € ER has a service cost
c; > 0 and each non-required edge e € Engp has a deadheading cost c. > 0, and ¢} > cg
is assumed. To model the fact that a required edge can be traversed while being serviced
(with cost ¢) and without being served (with cost c.), we assume that each required edge
has a non-required one, denoted as ¢’ € E}\y, in parallel. We will call EX, = Engr \ Eyg.
The goal of the LC K-RPP is to find K tours (closed walks starting and ending at a special
vertex called the depot) with length no greater than a given value L that jointly traverse
(and service) all the required edges, with minimum total cost.

The LC K-RPP is formulated in [3] with a binary variable z* for each edge e € Er and
for each vehicle k € {1,..., K}, and two binary variables z¥ and y* for each edge e € Eng
and for each vehicle k € {1,...,K}. Variable z¥ for each edge e € Ep takes the value 1
if e is traversed (and serviced) by vehicle k and 0 otherwise. Variables 2% and y* for each
edge e € Enp take the value 1 if e is traversed once or twice, respectively, by vehicle k and
0 otherwise. In other words, variables xlg and yi? represent the first and second traversal,
respectively, of the non-required edge e by vehicle k. The use of these variables is inspired
by the work in [7] for the Mazimum Benefit Chinese Postman Problem (MBCPP).

There are 3 variables for each vehicle between two endpoints i, j of a required edge e
because it is necessary to distinguish among traversing e while serving it (with a cost ¢f) and
deadheading once (or twice) from 7 to j (with a cost ¢ < ¢f). Although in all the optimal
solutions the three variables will never be non-zero simultaneously (see [3]), the three variables
are needed to formulate the problem.

As with other routing problems with several vehicles, determining the dimension of the
polyhedron defined as the convex hull of the LC K-RPP solutions is a very difficult task,
because the constraints that limit the length of each route. However, if they are removed,
the problem results the K wvehicles Rural Postman Problem (K-RPP), whose polyhedron is
studied in [3]. In the proofs of the study of this polyhedron for the general case K > 2 some
polyhedral results from the 1-RPP are needed. This is the purpose of this paper.

More specifically, in Section 2, the new formulation for 1-RPP is presented and the poly-
tope associated with its feasible solutions is defined. In addition, the dimension of this
polytope is obtained and the facet-inducing property of some inequalities in the formulation
is proved. The study of parity inequalities is presented in Section 3, while sections 4 and 5
are devoted to p-connectivity and K-C inequalities, respectively. Finally, some conclusions
are presented in Section 6.

2 The 1-RPP polyhedron

The K-RPP for K =1, or 1-RPP, is the Rural Postman Problem with some special features.
First, it is defined on a graph that has a non-required edge parallel to each required one



and, second, the problem is formulated with three variables associated with the traversal of
a required edge e and its parallel non-required one ¢’.

Different formulations for the RPP have been proposed and their associated polyhedra
have been studied in [9], [10], [12], [6], and [19]. In what follows we present the K-RPP
formulation in [3] adapted to the case K = 1.

Consider an undirected and connected graph G = (V, E), with E = Er U E\p U EXp,
where Elp, is the set of non-required edges parallel to an edge in Egr, and where the set
Vi formed with the vertices incident with some edge in Eg plus the depot (vertex 1), is
not necessarily equal to V. The following notation is used. Given two subsets of vertices
5,8 C V., (S : 5 denotes the edge set with one endpoint in S and the other one in S’.
Given a subset S C V| let us denote §(S) = (5 : V\S) and E(S) = (5 : S). For any subset
F C E, we will denote Fr = F N Er and Fyg = F N Eng.

The 1-RPP is formulated with the following variables: z., Ve € Ep, which takes the
value 1 if e is serviced, and variables x. and y., representing the first and second traversal,
respectively, of the non-required edge e.

Minimize Z CoTe + Z Ce (l‘e + ye)

ecFEgr ecEnNR
Z Te + Z xe+y€ _O (mod 2), VieV (1)
e€op(i) ecdnr(1)
S met Y (zetwe) =2y, VSCV\{1},VfEE(S), (2)
865}3(5) eGéNR(S)
ze=1  Ve€ Ep (3)
Te 2 Ye, VeEENR (4)
TeyYe € {Oa 1}a Ve € ENg. (5)

Constraints (1) force the route to visit each vertex an even number of times, possibly zero.
Conditions (2) ensure the the route is connected and connected to the depot (represented as
vertex 1). The traversal of all the required edges is ensured by constraints (3). Constraints
(4) guarantee that a second traversal of a non required edge can only occur when it has been
traversed previously. Constraints (5) are the binary conditions for the variables.

Note that z. = 1 Ve € Eg in any 1-RPP tour and yo = 0 Ve/ € Elj, in all the optimal
ones. Hence, these variables could be removed from the formulation. However, since this is
not true for K > 1, we will keep these variables because they are necessary in the proofs of
the polyhedral study of the K-RPP(G) for K > 1. Hence, we will accept feasible (but not
optimal) solutions with some variables y. = 1.

Let us call 1-RPP tour to a closed walk on graph G starting and ending at the depot and
servicing all the required edges. Associated with each 1-RPP tour we can consider:

(a) An incidence vector (x,y) € Z2ENrlIHIER] where variables z. take the value 1 if edge
e is traversed once, variables y. take the value 1 if edge e is traversed twice, and

(b) a support graph (V, E(wvy)), where E(®¥) contains one copy of edge e € E for each
variable z, =1 or y. = 1.



Note that the support graphs are even and connected. Conversely, any even and connected
subgraph of GG corresponds to a tour on G. In fact, an incidence vector or a subgraph may
correspond to several different closed walks, but all of them have the same cost and they can
be easily computed (with the Hierholzer algorithm [14], for example). Hence, and for the
sake of simplicity, we will call 1-RPP tour on G either to the closed walk, to its incidence
vector, and to its corresponding support graph.

The polyhedron 1-RPP(G) is defined as the convex hull of all the 1-RPP tours in G. To
its study, we need some results presented in [7] for the MBCPP. In [7], the MBCPP is defined
in a general setting (considering several benefits for each edge), and transformed later into
the following simplified version. Given an undirected connected graph G = (V| E), where
1 € V represents the depot, with two benefits for each edge e € F associated with the first
and the second traversals of e, respectively, the MBCPP consists of finding a tour starting
from the depot, traversing some of the edges in E at most twice and returning to the depot,
with maximum total benefit. The MBCPP is formulated with two binary variables x. and y,
for each edge e € E representing the first and second traversal of e, respectively. It is shown
that the convex hull of all the MBCPP tours, i.e., the vectors (z,y) satisfying

Z (xe + ye) =0 (mod?2), VieV (6)
e€d (i)
> (zetye) = 2wy,  VSCV\{1}, VfeE(S) (7)
e€d(S)
Te 2 Ye, Vee & (8)
Te,Ye € {O, 1}, Vee FE, (9)

is a full dimensional polytope and several families of valid and facet-inducing inequalities are
described.

In this paper we study the 1-RPP formulated with only one variable associated with
each required edge, while, if we consider the MBCPP on the same graph, we have two
variables for each edge, including the required ones. Nevertheless, each 1-RPP solution
(z',y!) € ZRIENelHIERD s a closed walk starting and ending at the depot, and it can be
completed with variables y. = 0 for each e € Eg to obtain a MBCPP tour. Hence we have
the following theorem:

Theorem 1 Let f(x,y) > « a valid inequality for the MBCPP on graph G. By removing all
the variables y., e € Eg, the resulting inequality f(x,y) > « is valid for the 1-RPP.

For example, from inequalities (7) we obtain inequalities (2). Furthermore, from sev-
eral families of valid inequalities for the MBCPP, namely parity, p-connectivity and K-C
inequalities, we will obtain valid inequalities for the 1-RPP (see Sections 3, 4, and 5).

In the following, we will obtain the dimension of 1-RPP(G) and will study conditions
under which some of the above constraints and other valid inequalities define facets of it. For
this study, we need to build several 1-RPP tours in graph G. For example, the graph formed
with two copies of each edge in Eng and then replacing one copy of each e € Ef, by the
required edge parallel to e, is a 1-RPP tour. This basic tour is used in the proof of Theorem
2. In the proofs of other theorems, we will build more specific and detailed 1-RPP tours. In
order to do this, we need some more definitions.



Consider the (generally disconnected) subgraph (Vg, Er) of G. We call a connected
component of this subgraph an R-connected component. Note that a R-connected component
may consist only of the depot. A vertex not belonging to any R-connected component (a
vertex which is not incident with any required edge) will be called an isolated vertex.

Given a vertex subset V, C V, with |V,| even, a subset of edges M C E' is a T-join if, in
the subgraph (V, M), the degree of v is odd if, and only if, v € V,. It is known that, if G is
connected, it has a T-join for each set V,, C V', with |V,| even (see [17], for instance).

Given G = (V,E) = (V,Er U Elyg U EXp), let V. C V be the set of R-odd vertices, i.e.,
vertices incident with an odd number of required edges. Let M C Eng be any corresponding
T-join. The set of edges M U Er form an even graph, although not necessarily connected. If
we add the edges in a closed walk starting at the depot, visiting at least one node in each
connected component of M U Er and ending at the depot, we obtain a 1-RPP tour.

Theorem 2 If (V, Eng) is a 3-connected graph, then dim(1-RPP(G))= 2|Enr]|.

Proof: 1-RPP(G) is a polytope in R2ENrITIER] - Since all its points satisfy equations (3),
which are linearly independent, we have dim(1-RPP(G))< 2|Eng|. We will prove that dim(1-
RPP(G))> 2|Eng|. Let ax + by = ¢, i.e.,

Z QeTe + Z QeTe + Z beye = ¢ (10)
eeER e€EENR e€EENR

be an equation satisfied by all the 1-RPP tours. We have to prove that this equation is a
linear combination of equations (3), i.e., to prove that

a. = 0, VeGENR,

be = 0, Ve€Enr,

c = Eae.

ecER

Let T = (z,y) be the 1-RPP tour formed with two copies of each edge in Engr and then
replacing one copy of each e € E\p by the required edge parallel to e. T has all its entries
equal to 1 except for y. = 0,Ve € E)y and, by substituting it in (10), we obtain

Zae—i- Z Qe + Z be = c. (11)

ecERr e€cEnr ecEYp

Let be f € E{p. Since (V,Eng) is a 3-connected graph, the tour T’ —2f obtained after
removing from 7' the two copies of f is also a 1-RPP tour. Hence, by substituting it in (10),

we obtain
Z Qe + Z Qe + Z be = c,

e€ER e€Enr\{f} e€Ep\{f}
and by subtracting this equation from (11), we obtain ay + by = 0 for all f € Ey.
Let C be an arbitrary cycle on G formed by non-required edges. Let us recall that

C'=CNEYy and C" = CN Efp. If we remove from T one copy of each edge in C, we obtain
another 1-RPP tour T'— C. After substituting it in (10) and subtracting the corresponding



equation from (11), we obtain a(C') + b(C"”) = 0. On the other hand, if we add to T one
copy of each edge in C and, then, we remove two copies of each edge appearing three times,
we obtain another 1-RPP tour T+ C. After substituting it in (10) and subtracting the
corresponding equation from (11), we obtain b(C’) — b(C") = 0, and, as ay + by = 0 for all
f € Efp, b(C") + a(C”) = 0. Hence, for each cycle C = C"UC” on G formed by non-required
edges,

a(C) +b(C")

0. (12)
b(C') +a(C") = 0.

Let f = (i,j) € Eg. Since (V, Enr) is a 3-connected graph, there are two edge-disjoint
paths Pj, P2 joining vertices ¢ and j with non-required edges different from f = (i,7).
Consider the three cycles Py U{f}, P2 U{f}, and P; U Ps, for which equation (12) holds.
Hence, we have:

a(Py)+b(P{)+br =0, a(Py)+b(Py)+br =0, and a(P])+b(P)+a(Ps)+b(Py) =0,
and we obtain by = 0. As ay + by = 0 holds, we have ay = by = 0 for all f € E}y.

Let f = (i,j) € Ejyg. Let P1, P2 two edge-disjoint paths as above and consider the three
cycles Py U{f}, PoU{f}, and P; UPs. From equation (12) we have:

a(Py)+b(P{)+ar =0, a(Py)+b(Py)+ay =0, and a(P;)+b(P{)+a(Ps)+b(Py) =0,
from which we obtain ay = 0, and from (13) we also have:

b(Py)+a(Py)+br =0, b(Py)+a(Py)+bs =0, and b(P])+a(Py)+b(P))+a(Py) =0,
from which we obtain by = 0. Hence, we have ay = by = 0 for all f € E} .

Hence, a. = b, = 0 for all e € Engr and, by substituting in (11) we obtain ZeeER Qe = C
and we are done. ¢

The result in Theorem 2 is not true when graph (V, Eng) is not 3-connected. For example,
if |V | < 3 and Enp defines a complete graph, it can be seen that dim(1-RPP(G))= 2|Eng|—2.

In what follows, in order to prove that some inequalities are facet-defining of 1-RPP(G),
we will assume that (V, Eng) is a 3-connected graph.

Theorem 3 Inequality y. > 0, for each edge e € Eng, is facet-inducing of 1-RPP(G).

Proof: Let ax + by > ¢, i.e., Z afry+ Z afry+ Z brys > c, be a valid inequality
fEER J€ENR J€ENR
such that {(z,y) € I-RPP(G) : y. =0} C {(z,y) € I-RPP(G) : az + by = c}. We have

to prove that this inequality is a linear combination of the equalities (3) and y. > 0. Note
that this means to prove that

af = 0, VfEENR,
bf = 07 vfGENRa f#ev

c = Zaf.

fEER

(a) We will first prove it for e € Ef. Consider the tour 772¢ of the proof of Theorem
2, which satisfies y. = 0 and, hence, ax + by = ¢ holds. By replacing the incidence vector in



ax + by = ¢ we obtain

Z af+ Z af+ Z by =c. (14)

feER feENR\{e} FeEXR\{e}

Let be g € EXz, g # e. Since (V, Eng) is a 3-connected graph, the tour T—2¢729 obtained
after removing from T~2¢ the two copies of ¢ is also a 1-RPP tour satisfying y. = 0. Hence,
by substituting it in az 4+ by = ¢ and by subtracting the corresponding equality from (14) we
obtain that ag + b, =0, Vg € E}p, g #e.

Let be g € Ely. Since (V, Enr) is a 3-connected graph, (V, Eng \ {e, g}) is a connected
graph, and there is a T-join in (V, Eng \ {e, g}) connecting the R-odd vertices. The 1-RPP
tour T™ build wit this T-join does not traverse g and satisfies y. = 0. Furthermore, the
tour obtained after adding to T the two copies of g is also a 1-RPP tour satisfying y. = 0.
Hence, by substituting them in az 4+ by = ¢ and by subtracting the corresponding equalities
we obtain that ag, + b, =0, Vg € Elp.

For each cycle C = C'UC” on G formed by non-required edges, the tour 7~2¢ 4 C obtained
after adding to T~2¢ one copy of each edge in C (and, then, removing two copies of any edge
traversed three times) is also a 1-RPP tour satisfying y. = 0. Proceeding as in the proof of
Theorem 2 we obtain b(C') — b(C"”) = 0 and, given that ag + by, = 0, Vg € E}p, g # e, we
obtain that b(C") + a(C” \ {e}) —be =0if e € C and b(C') + a(C”") =01if e ¢ C.

Let be f = (i,j) € EXp. Since (V, Eng) is a 3-connected graph, there are two edge-
disjoint paths P1, P2 joining vertices ¢ and j with non-required edges different from f. Let
us assume, for instance, that e € P;. Consider the two cycles P; U {f} and P; U Py, for
which equation b(C") + a(C"” \ {e}) — b = 0 holds, and the cycle P, U {f}, for which equation
b(C") + a(C"”) = 0 holds. Hence, we have:

b(P1) + a(Py \ {e}) — be +ay =0,
b(Py) + a(Py\ {e}) — be + b(Ph) + a(PY) =0, and
b(Ph) + a(P) +ar =0,

and we obtain ay = 0. Furthermore, if f # e, ay + by = 0 holds, we have by = 0 for all
f € EXr \ {e}. The case e ¢ P; UPs is similar.

Let be f = (i,j) € Eyg. Let Pi, Py be two edge-disjoint paths as above and assume in
this case that e ¢ P; and e ¢ P2. Consider the three cycles Py U{f}, PoU{f}, and P; UPx.
Now we have:

b(P1)+a(Py)+bs =0, b(Py)+a(Py)+by =0, and b(P;)+a(Py)+b(Py)+a(Py) =0,
from which we obtain by = 0. Furthermore, as ay+by =0, Vf € Ey we obtain that a; = 0.

Hence, ay = by = 0 for all f € Eng \ {e} and a. = 0 and, by replacing them in (14) we
obtain ZfeER ay = c and we are done.

(b) We will prove it now for e € E}. The tour T of the proof of Theorem 2 satisfies
yYe = 0 and, hence, ax+by = ¢ holds, and by replacing the incidence vector we obtain equation

(11):
Zae—}— Z Qe + Z be = c.

ecERr e€cEng ecEln



Let be f € EXp. Since (V, Eng) is a 3-connected graph, the tour T2/ is also a 1-RPP
tour satisfying y. = 0. Hence, by substituting it in ax + by = ¢ and by subtracting the
corresponding equality from (11) we obtain that ay +bf =0, Vf € E{p.

Let be f € Eyp, f # e. Since (V, Eng) is a 3-connected graph, (V,Enr \ {e, f}) is a
connected graph, and there is a T-join in (V, Enr\{e, f}) connecting the R-odd vertices. The
1-RPP tour T™ build wit this T-join does nos traverses f and satisfies y. = 0. Furthermore,
the tour obtained after adding to T* the two copies of f is also a 1-RPP tour satisfying
ye = 0. Hence, by subtracting the corresponding equalities we obtain that ay +by =0, Vf €

E;VR’ f%e

For each cycle C = C' UC” on G formed by non-required edges, the tour T'— C obtained
after subtracting from T one copy of each edge in C is also a 1-RPP tour satisfying y. = 0.
Proceeding as in the proof of Theorem 2 we obtain a(C’) + b(C") = 0.

Let be f = (i,7) € EX. Since (V, Eng) is a 3-connected graph, there are two edge-disjoint
paths P71, P2 joining vertices ¢ and j with non-required edges different from f. Considering
the three cycles as in (a) we obtain by = 0 and, as ay 4+ by = 0 holds, we have ay = by =0
for all f e E}p.

Let be f = (4,j) € Elyz. Proceeding as above we obtain ay = 0 and, hence, also by = 0
Vf e Eygp \ {e}. We have ay = by = 0 for all f € Eng \ {e} and a. = 0 and, by replacing
them in (14) we obtain ) ;.5 as = c and we are done. ¢

Theorem 4 Inequality z. < 1, for each edge e € Eng, is facet-inducing for 1-RPP(G).

Proof: Let ax + by < ¢, i.e., Z arry+ Z arry—+ Z bryr < c, be a valid inequality
fEER fE€EENR fE€EENR
such that {(z,y) € I-RPP(G): z. =1} C {(z,y) € I-RPP(G) : axz + by = c}. We have

to prove that this inequality is a linear combination of the equalities (3) and xz. < 1. Note
that this means to prove that

af = 0, Yf€EnNr, [#e,
by = 0, Vfe€Enr,

c = Z af + ae.

fEER

(a) We will first prove it for e € E¥p. Consider the tour T of the proof of Theorem 2,
which satisfies z. = 1 and, hence, ax + by = ¢ holds. By replacing the incidence vector in

ax + by = ¢ we obtain
Z af+ Z ay+ Z by =c. (15)
fEER f€ENR fEEKIR

Let be f € E}p, f # e. Since (V, Eng) is a 3-connected graph, the tour T2/ is also a
1-RPP tour satisfying x. = 1. Hence, by substituting it in axz + by < ¢ and by subtracting
the corresponding equality from (15) we obtain that ar + by =0, Vf € EXp, f #e.

Let be f € E\y. Since (V, Eng) is a 3-connected graph, (V, Enr \ {e, f}) is a connected
graph, and there is a T-join in (V, Eng \ {e, f}) connecting the R-odd vertices. The 1-RPP



tour T build wit this T-join does not traverse f nor e. T*t2¢ is also a 1-RPP tour and
satisfies x, = 1. Furthermore, T%+2¢2/ is also a 1-RPP tour satisfying z. = 1. Hence, by
substituting them in ax 4+ by = ¢ and by subtracting the corresponding equalities we obtain
that ay + by =0, Vf € Eyp.

For each cycle C = C' UC” on G formed by non-required edges, the tour 7' — C obtained
after removing from T one copy of each edge in C is also a 1-RPP tour satisfying z, = 1.
Proceeding as in the proof of Theorem 2 we obtain a(C’) 4+ b(C") = 0.

Let be f = (i,7) € EX. Since (V, Eng) is a 3-connected graph, there are two edge-disjoint
paths P1, Po joining vertices i and j with non-required edges different from f. Consider the
three cycles Py U {f}, P2 U{f}, and P; U Py, for which equation a(C") + b(C") = 0 holds.
Hence, we have:

a(Py)+b(P{)+br =0, a(Py)+b(Py)+br =0, and a(P;)+b(P)+a(P5)+b(Py) =0,
and we obtain by = 0. Furthermore, if f # e, ay + by = 0 holds, we have ay = 0 for all
I € B\ {e}.

Let be f = (4,7) € Eyg. Let P1, P2 be two edge-disjoint paths as above and consider the
three cycles P1 U{f}, P2U{f}, and P1 U Ps. Now we have:

a(Py)+b(P{)+ar =0, a(Py)+b(P))+ar =0, and a(P;)+b(P{)+a(Pj)+b(Py) =0,
from which we obtain ay = 0. Furthermore, as ay+by =0, Vf € E\;, we obtain that by = 0.

Hence, ay = by = 0 for all f € Eng \ {e} and b, = 0 and, by replacing them in (15) we
obtain ZfeER af +a. = c and we are done.

(b) We will prove it now for e € E}. Consider the tour T' of the proof of Theorem 2,
which satisfies z. = 1 and, hence, ax + by = ¢ holds. By replacing the incidence vector in

ax + by = ¢ we obtain
dap+ > ar+ Y br=c (16)
f€ER FEENR FEEXR

Let be f € Efp. Since (V,Eng) is a 3-connected graph, the tour T2/ obtained after
removing from T the two copies of f is also a 1-RPP tour satisfying z. = 1. Hence, by
substituting it in ax + by = ¢ and by subtracting the corresponding equality from (16) we
obtain that ay + by =0, Vf € E{p.

Let be f € Eyp, [ # e. Since (V, Eng) is a 3-connected graph, (V,Eng \ {e, f}) is a
connected graph, and there is a T-join in (V, Eng \ {e, f}) connecting the R-odd vertices.
The 1-RPP tour T* build wit this T-join does not traverse f nor e. T*"2¢ is also a 1-RPP
tour and satisfies z, = 1. Furthermore, T*2¢*2f is also a 1-RPP tour satisfying z, = 1.
Hence, by substituting them in ax + by = ¢ and by subtracting the corresponding equalities
we obtain that ay + by =0, Vf € Eyg, f #e.

For each cycle C = C" UC” on G formed by non-required edges, the tour T + C obtained
after adding to T' one copy of each edge in C (and, then, removing two copies of any edge
traversed three times) is also a 1-RPP tour satisfying z. = 1. Proceeding as in the proof of
Theorem 2 we obtain b(C') — b(C”) = 0 and, given that ay + by = 0, Vf € EYp, we obtain
that b(C’) + a(C”) = 0.

Let be f = (i,7) € EXg. Since (V, Eng) is a 3-connected graph, there are two edge-disjoint
paths P1, Po joining vertices ¢ and j with non-required edges different from f. Consider the



three cycles Py U {f}, P2 U{f}, and P; U Py, for which equation b(C") + a(C") = 0 holds.
Hence, we have:

b(P}) +a(P!) +ay =0, b(Py)+a(PY) +ap =0, and b(P})+a(PV)+b(P}) +a(Pl) =0,
and we obtain ay = 0. Furthermore, as ay + by = 0 holds, we have ay = 0 for all f € Ef.

Let be f = (i,7) € Elyg. Let P1, P2 be two edge-disjoint paths as above and consider the
three cycles P1 U{f}, P2U{f}, and P1 UP,. Now we have:

b(Py)+a(Py)+br =0, b(Py)+a(PY)+bs =0, and b(P;)+a(Py)+b(Ps)+a(Py) =0,
from which we obtain by = 0. Furthermore, if f # e as ay + by = 0, Vf € Eyy \ {e} we
obtain that ay = 0.

Hence, ay = by = 0 for all f € Eng \ {e} and b, = 0 and, by replacing them in (16) we
obtain ZfeER af +a. = c and we are done. ¢

Theorem 5 Inequalities (4), xe > ye for every edge e € Engr, are facet-inducing for
1-RPP(G) if graph (V, Enr \ {e}) is 3-edge connected.

Proof: Let ax +by > ¢, ie., Z arxry+ Z afrxry+ Z bryr > c, be a valid inequality
fEER fE€EENR fE€EENR
such that {(z,y) € I-RPP(G): z.=y.} C {(z,y) € I-RPP(G) : az + by = c}. We have

to prove that this inequality is a linear combination of the equalities (3) and x, — ye > 0.
Note that this means to prove that

ap=by = 0, Vf€EnNR, f#e,
ae. = —b

€
c = Z CLf.

fEER

(a) We will first prove it for e € E¥p. Consider the tour 7' of the proof of Theorem 2,
which satisfies z. = y.(= 1) and, hence, ax + by = ¢ holds. By replacing the incidence vector
in ax 4+ by = ¢ we obtain

Zaf+ Z ar+ Z by =c. (17)

fEER fEENR FEEXR

Let be f € ERp, (including f = e). Since (V, Eng) is a 3-connected graph, vector 72/
is also a 1-RPP tour and it satisfies z. = y.. Hence, by replacing it in ax + by = ¢ and
then subtracting the corresponding equation from (17) we obtain that ay + by = 0 for all

f = (Za]) € EK[R

Let be f € E\y. Since (V, Enr) is a 3-connected graph, (V, Enr \ {e, f}) is a connected
graph, and there is a T-join in (V, Eng \ {e, f}) connecting the R-odd vertices. The 1-RPP
tour 7 build wit this T-join does not traverse f nor e and then satisfies z, = yo. T*2f is
also a 1-RPP satisfying x, = y.. By substituting them in ax + by = ¢ and by subtracting the
corresponding equalities we obtain that ay + by =0, Vf € Ejyp.

For each cycle C = C'"UC” on G\ {e} formed by non-required edges, the tour T'— C
obtained after removing from T one copy of each edge in C is also a 1-RPP tour satisfying
Te = Ye. Proceeding as in the proof of Theorem 2 we obtain a(C’) + b(C") = 0.

10



Let be f = (i,j) € EXg, [ # e. Since (V,Eng \ {e}) is a 3-connected graph, there are
two edge-disjoint paths Py, Ps joining vertices ¢ and j with non-required edges different from
e and also different from f. Consider the three cycles Py U {f}, P2 U{f}, and Py U Ps, for
which equation a(C") + b(C"”) = 0 holds. Hence, we have:

a(Py)+b(P{)+br =0, a(Py)+b(Py)+br =0, and a(P;)+b(P{)+a(P3)+b(Py) =
and we obtain by = 0. Furthermore, as ay+by = 0 holds, we have ay = 0 for all f € E{p\{e}.

Let be f = (4,7) € Ej\g. Let P1, P2 be two edge-disjoint paths as above and consider the
three cycles P U{f}, P2U{f}, and P UP,. Now we have:

a(Py)+b(P{)+ar =0, a(Py)+b(Py)+ar =0, and a(P;)+b(Py)+a(Psy)+b(Py) =
from which we obtain ay = 0 and, as ay 4+ by = 0 holds, we have by = 0 for all f € Ej.

Hence, ay = by = 0 for all f € Eng \ {e} and a. + b. = 0 and, by replacing them in (17)
we obtain ZfeER ay = c and we are done.

(b) We will prove it now for e € Elyy,. Since (V, Enr) is a 3-connected graph, (V, Eng\{e})
is a connected graph, and there is a T-join in (V, Eng \ {e}) connecting the R-odd vertices.
The 1-RPP tour T build wit this T-join does not traverse e and then satisfies z. = y.(= 0).
Furthermore, T**2¢ is also a 1-RPP satisfying . = y.(= 1). By substituting them in
ax + by = ¢ and by subtracting the corresponding equalities we obtain that a. + b, = 0.

Let be f € E\gUEXR, f # e. Since (V, Eng) is a 3-connected graph, (V, Eng \ {e, f}) is
a connected graph, and there is a T-join in (V, Eng \ {e, f}) connecting the R-odd vertices.
The 1-RPP tour T** build with this T-join does not traverse f nor e and then satisfies
Te = ye(= 0). Furthermore, T***2f is also a 1-RPP satisfying 2, = y. = 0. By substituting
them in ax+by = c and by subtracting the corresponding equalities we obtain that ay+by = 0.
Hence, we have ay + by =0 Vf € Eng.

For each cycle C = C' UC” on G\ {e} formed by non-required edges, the tour T* + C
obtained after adding to T™* one copy of each edge in C (and, then, removing two copies of
any edge traversed three times) is also a 1-RPP tour satisfying x. = y.. Proceeding as in
the proof of Theorem 2 we obtain b(C') — b(C"”) = 0 and, given that af + by =0, Vf € Eng,
b(C") + a(C”) = 0 holds.

For each f = (i,j) € Eng, [ # e, since (V, Engr \ {e}) is a 3-connected graph, there are
two edge-disjoint paths Py, Pa joining vertices ¢ and j with non-required edges different from
e and f. By considering the three cycles P U{f}, PoU{f}, and P; U Py, for which equation
b(C') + a(C") = 0 holds, we obtain by = 0 if f € Ey, and ay = 0 if f € EYy, and, hence,
ar = by = 0 for all f € Eng \ {e}. By replacing this and a. + b, = 0 in (17) we obtain
> feky af = ¢ and we are done. ¢

Note 1 Inequalities z. > 0 and y. < 1, for all e € Enp, are not facet-inducing because they
are dominated by inequalities . > ye.

In what follows we describe conditions under which connectivity inequalities (2) are facet
inducing. Note that, given that z. = 1 for all e € ER, if 6g(S) # () then inequalities (2) are
obviously satisfied. Hence, we will assume 0g(S) = (). Furthermore, if F(S) contains some
required edge f, as x5 = 1 holds, inequalities (2) are dominated by inequalities

> (wetye) =2, VSCV\{1}: 0r(S) =0, Er(S) #0,
e€d(S)
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which are studied in Theorem 7.

Theorem 6 Let S C V \ {1} such that Er(S) = 0r(S) = 0. Let f € E(S) (f € EXp). The
connectivity inequality (2), which now takes the form

(z +y)(8(5)) = 2y, (18)

is facet-inducing for 1-RPP(G ) if subgraph (S, ENr(S)) is 3-edge connected and either V\S =
{1}, or subgraph (V\S, Enr(V'\S)) is 3-edge connected.

Proof: Let ax + by > ¢, i.e., Z Aele + Z AeTe + Z beye > ¢, be a valid inequality
e€ER e€EnNR e€ENR

such that {(z,y) € 1-RPP(G) : (z+y)(0(S))—2z; =0} C {(z,y) € I-RPP(G) : ax+by =

c}. We have to prove that this inequality is a linear combination of the equalities (3) and

(x +y)(6(S)) — 2z > 0. Note that this means to prove that

ae=b, = 0, VEEENR(S)\{f}UENR(V\S),
ae=b. = a, Yeecd(9),

ar = —2a, by =0,
c = Y
BEER

Consider now the 1-RPP tour 7” formed with two copies of each edge in Eng(S)UEng(V\
S) and then replacing one copy of each e € Efy by the required edge parallel to e, plus two
copies of a given edge g € 0(5). Since this tour satisfies (z + y)(0(S5)) — 2z = 0, it also
satisfies ax + by = ¢, and we have

dact D> act+ Y. betagtb=c (19)

ecER e€ENR\I(S) e€EY p\0(S)

For each edge e € EX;5\6(9), e # f, consider the tour 7"72¢ (it is a 1-RPP tour because
subgraphs G(S) and G(V'\S) are 2-edge connected). By comparing both tours we obtain
ae + be = 0 for each edge e € EY 5 \0(5), e # f.

For each edge e € Eyz\0(S5), necessarily e € Eyp(V'\ S), given that graph (V\S, Exg(V'\
S)\{e}) is connected, there is a T-join M connecting its R-odd vertices. The edges in M UER
form an even subgraph in G(V '\ S), although not necessarily connected. If we add the edges
in a closed walk in Exgr(V \ S) \ {e} starting at the depot, visiting at least one node in each
connected component of M U Er and ending at the depot, we obtain a 1-RPP tour 7™ that
does not traverse e and satisfies (z+y)(6(S)) = 0 = 2z5. The 1-RPP tour 7*"%¢ also satisfies
(z+y)(6(S)) = 0 and, by subtracting the corresponding equations we obtain that a.+b. = 0,
for each edge e € Elyz\d(9).

For each cycle C = C'UC” either on G(V'\S) or in G(S) (traversing edge f or not) formed
by non-required edges, the tour 7" — C obtained after removing from 7" one copy of each
edge in C is also a 1-RPP tour satisfying (x + y)(d(S)) = 2 = 2z (note that xy = 1 holds).
Proceeding as in the proof of Theorem 2 we obtain a(C’) + b(C") = 0.
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Let e = (i,7) € ENp(V\S) (if any). Since that (V\S, Enr(V'\S)) is a 3-connected graph,
there are two edge-disjoint paths Pi, Po joining vertices ¢ and j with non-required edges
different from e. Consider the three cycles Py U{e}, PoU{e}, and P;UPa, for which equation
a(C’) 4+ b(C") = 0 holds. Hence, we have:

a(Py) +b(P{)+aec =0, a(P})+b(PY)+a.=0,and a(P;)+b(P{)+a(Ps)+b(Py) =
and we obtain a, = 0. Furthermore, as a.+b. = 0 holds, we have b, = 0 for all e € Eyz(V\S).

Let be e = (i,j) € Exp(V\S) (if any). Let Pi, P2 be two edge-disjoint paths as above
and consider the three cycles P; U{e}, P2 U {e}, and P; UP2. Now we have:

a(Py)+b(P{)+be =0, a(Ph) +b(PY)+be =0, and a(P;)+b(P{)+ a(Ps)+b(Py) =
from which we obtain b, = 0 and, as a. + b. = 0 holds, we have a. = 0 for all e € Ez(V\S).

Hence, a, = b = 0 for all e € Eng(V '\ S). In a similar way we obtain a. = b, = 0 for
each edge e € Engr(S), e # f, and by = 0.

Let us denote the edges in 6(S) as e1,...,ep, where p > 3 since graph G is 3-edge
connected. Now consider two edges e1,es € §(5). Consider the 1-RPP tour T formed with
two copies of each edge in Enr(S)U Enr(V'\S) and then replacing one copy of each e € Eyp
by the required edge parallel to e, plus two copies of edge e;. Let T™* be the tour obtained
from T after removing the second traversal of e; and one copy of each edge of two paths
‘P1, P2 joining the endpoins of e; and ey, and adding the first traversal of es. Both tours
satisfy (z +y)(0(5)) = 22y = 2 and, after subtracting the corresponding equalities we obtain
a(Py) + b(Py) + a(Py) + b(PY) + be, — ae, = 0 and, hence, be, = ae,. If we interchange the
roles of the edges e; and eg, we obtain b, = a.,. Proceeding in this way with all the pairs of
edges in 0(S), we obtain ae, = b, for all i # j € {1,...,p} and then ac, = ae; = be, = be, for
all 7, j (because p > 3 holds).

Let T* be a 1-RPP tour formed with two copies of each edge in Eng(V'\S) and then
replacing one copy of each e € E; by the required edge parallel to e, plus two copies of
each edge in a given path P joining a vertex in G(V'\S) to an endnode of f traversing
d(S) once, say, with edge e € §(S), and two copies of edge f. By comparing this tour with
the one removing the two copies of the edges in P and the two copies of f, both satisfying
(x +y)(6(S)) = 2xy, we obtain that a. + b +ay + by = 0. Given that by = 0 and a. = be,
we have ay = —2a, for any edge e € §(95).

By replacing a. = b = 0 for each e € Eng \ (0(S) U{f}), ac = be = « for each e € §(9),
and by =0, ay = —2a, in equation (19) we obtain ZeeER ae = ¢, and after replacing all the
previous facts in ax + by > ¢ we obtain

Z aexe+a((ﬂs+y)(5(5)) — 2xf> > Z e,

ecERn e€ER
which is a linear combination of the equalities (3) and (z + y)(6(S)) > 2. Hence, the connec-
tivity inequality (18) is facet-inducing for 1-RPP(G). ¢
Theorem 7 Let S C V\{1} such that 0g(S) = 0 and Er(S) # 0. The connectivity inequality
(z +y)(0(5)) = 2, (20)

is facet-inducing for 1-RPP(G) if subgraph (S, ENr(S)) is 3-edge connected and either V\S =
{1}, or subgraph (V\S, Enr(V'\S)) is 3-edge connected.
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Proof: Let ax + by > c, i.e., Z AelTe + Z Aele + Z beye > ¢, be a valid inequality
eeER e€EnNR e€EnNR

such that {(z,y) € 1-RPP(G) : (z+y)(0(5)) =2} C {(z,y) € I-RPP(G) : ax+ by =

c}. We have to prove that this inequality is a linear combination of the equalities (3) and

(x +y)(0(S)) > 2. Note that this means to prove that

ac=b. = 0, VeeEng(S)UENg(V\S),
ae =b. = a, Yee€d(9),

c = Z ae + 2.

ecERn

Consider the 1-RPP tour T formed with two copies of each edge in Enr(S) U Enr(V'\S)
and then replacing one copy of each e € E\, by the required edge parallel to e, plus two
copies of a given edge f € §(5). Since this tour satisfies (z + y)(6(S5)) = 2, it also satisfies
ax + by = ¢, and we have

Z Qe + Z Ge + Z be +ar+bs=c. (21)

e€ER e€ENR\I(S) e€E p\(S)

For each edge e € E}z\0(S), consider the tour above except for z. = y. = 0 (it is a
1-RPP tour because subgraphs G(S) and G(V'\S) are 2-edge connected). By comparing both
tours we obtain a. + b. = 0 for each edge e € E} 5 \d(S5).

For each edge e € E\y(S), given that (S, Engr(S)) is 2-edge connected, the graph
(S, Enr(S)\{e}) is connected and there is a T-join in it connecting its R-odd vertices that
can be completed with edges in E}z(S) used twice. A similar vector can be defined in the
(connected) graph (V\S, Enr(V\Y5)) and, after adding two copies of a given edge f € §(5) we
have a 1-RPP tour 7™ that does not traverses e and satisfies (z + y)(0(S)) = 2. The 1-RPP
tour T*+2¢ also satisfies (z + y)(6(S)) = 2 and, by subtracting the corresponding equations
we obtain that a. + b, = 0. A similar argument for each edge e € E}z(V'\S) also leads to
ae + be = 0. Hence, we have a. + b, = 0 for each edge e € Exg\d(95).

For each cycle C = C" UC” either on G(V'\S) or in G(S) formed by non-required edges,
the tour T' — C obtained after removing from 7T one copy of each edge in C is also a 1-
RPP tour satisfying (x 4+ y)(0(S)) = 2. Proceeding as in the proof of Theorem 2 we obtain

a(C') + b(C") = 0.

Let e = (i,j) € E\g(V\S) (if any). Since that (V\S, Eng(V'\S)) is a 3-connected graph,
there are two edge-disjoint paths Pj, Po joining vertices ¢ and j with non-required edges
different from e. Consider the three cycles Py U{e}, PoU{e}, and P; U P, for which equation
a(C’) 4+ b(C") = 0 holds. Hence, we have:

a(P})+b(P)+ac =0, a(P5)+b(PY)+a.=0,and a(P;)+b(P;)+a(P})+b(PY) =0,
and we obtain a. = 0. Furthermore, as a.+b. = 0 holds, we have b. = 0 for all e € E\;(V\S).

Let be e = (i,j) € Eyr(V\S) (if any). Let Pi, P2 be two edge-disjoint paths as above
and consider the three cycles P U {e}, P2 U {e}, and P; UP2. Now we have:

a(Py)+b(P{)+be =0, a(Py)+b(PY)+b. =0, and a(P;)+b(Py)+a(Ps)+b(Py) =0,
from which we obtain b, = 0 and, as a. + b = 0 holds, we have a. = 0 for all e € E{,(V\S).

Hence, a. = b, = 0 for all e € Eng(V \ S). In a similar way, since (S, Enr(S5)) is a
3-connected graph, we obtain a. = b, = 0 also for each edge e € Eng(5).
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Let us denote the edges in 0(S) as e1,...,ep, where p > 3 since graph G is 3-edge
connected. The same argument used in Theorem 6 leads to prove that a., = ae ;= be, = be ’
for all e;, e;.

By replacing a. = b, = 0 for each e € Eng \ §(5), ac = b = « for each e € §(5) in
equation (21) we obtain that ) . £y, @ + 20 = ¢, and after replacing all the previous facts
in axz + by > ¢ we obtain

Z aeTe + a(($ + y)(5(5))) > Z ae + 2a,
ecERr ecERr

which is a linear combination of the equalities (3) and (z + y)(6(S5)) > 2. ¢

In the remaining of the paper, we present several new families of valid inequalities for the
1-RPP: parity, p-connectivity and K-C inequalities.

3 Parity inequalities

In [7], the following constraints that generalize the well known co-circuit inequalities ([1]),
were proposed for the MBCPP. They are called parity inequalities and, from Theorem 1, they
are also valid for 1-RPP(G):

(z — y)(6(S)\F) > (z — y)(F)—|F|+1, VSCV, VFC4(S) with |F| odd. (22)

The above inequality can be simplified for the 1-RPP taking into account that, for each
required edge e, we have z, = 1 and there is no variable y.. In general, either F' and 6(S)\F
could contain required and non-required edges. However, it can be seen that the parity
inequalities corresponding to sets where dr(S)\F # 0 are not facet inducing. Hence, we will
assume that 0(S)\F C Engr. Let us denote here F = Fr U Fygp = Fr U Fyp U Fp. By
substituting 2. = 1 and deleting variables y, for e € Fg in (22) we obtain

( —y)(6(S\F) > x(Fr) + (z — y)(Fnr)— |F|+1, =
(x —y)(0(S)\F) > [Fr| + (x — y)(FNr)—|F|+1, =

(z —y)(O(S)\F) > (z —y)(FNr) — |Fngr| + 1 (23)

This parity inequality (23) can be understood in the following way: the 1-RPP tours for which
(x —y)(Fnr) = |Fnr| (all the non required edges in F' traversed once) holds, and given that
all the edges in Fg are traversed once and |F| is odd, they satisfy (x — y)(6(S)\F) > 1. For
the other 1-RPP tours, the inequality says nothing ((x —y)(§(S)\F') > 0). These inequalities
cut off (infeasible) solutions in which there is a cut-set with an odd number of edges traversed
exactly once (these edges define the set F) and the other edges are traversed twice or none.

In the case 6(S)\F = 0, and hence F = §(S), the parity inequality (23) is:
( = y)(Fnr) < |FNr| — 1, (24)
while in the case Fyg = () the parity inequality (23) is:
(z —y)(O(5\F) = 1. (25)
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However, note that both sets, Fyg and 6(S) \ F, cannot be empty simultaneously, because
FnrUO(S)\ F = 0nr(S) and, as we assume graph (V, Eng) is 3-edge connected, |dng(S)| > 3
holds.

Note also that, unlike other routing problems, if |F'| = 1, that is, F' = {e}, then inequality
(23)
(@ =96\ {e}) 2 e —ye, or  (z—y)(6(5)\{e}) =

L,
if e € Eng or e € ER, respectively, is not a connectivity inequality (18) or (20).

Note 2 Before proving if some parity inequalities (23) induce facets of 1-RPP(G), we will
describe two types of 1-RPP tours satisfying them with equality. Recall that |F| is odd. We
are going to build 1-RPP tours traversing 6(S5) a number |F|+ 1 or |F| — 1 of times. Let
us consider a cut-set 0(.5) such that graphs G(S) and G(V \ S) are connected. We select an
even number of (copies of) edges in 6(.5) in the following two ways:

Type 1: If 6(S)\F # 0, we select a copy of each edge in F' and one more edge in §(S)\ F.
Type 2: If Fng # (), we select one copy of each edge in F', except one edge in Fng.

Note that, in both cases, we have selected an even number of copies of edges in §(S). Let
Vo C V'\ S be the set of vertices incident with an odd number of these selected edges. Given
that the number of edges is even, |V} is also even, and there is a T-join in (V'\ S, Enr(V'\ 9)).
This same process is done in (S, Eng(5)). Consider two copies of each non-required edge in
G(V'\ S) and in G(S) not belonging to the T-joins. Now, replace a copy of each edge in Elyp
by its corresponding parallel required edge. All these edges plus the two T-joins, plus the
selected edges in §(5), define a 1-RPP tour (it is even and connected and traverses all the
required edges). It satisfies (23) with equality because

(x —y)(6(S)\F) = 1 and (x — y)(Fnr) = [Fnr| (Type 1), or
(= y)(6(S)\F) =0 and (z — y)(Fnr) = [Fnr| — 1 (Type 2).
Theorem 8 Parity inequalities (23), for all SCV, F C§(S) with |F| odd and dg(S) C F

(and, hence, 6(S)\F C Enr), are facet-inducing for 1-RPP(G) if subgraph (S, Enr(S)) is
3-edge connected and either V\S = {1}, or subgraph (V\S, Enr(V'\S)) is 3-edge connected.

Proof: Let us denote here F' = FrUFyg = FRUFyz UFQy. Inequalities (23) can be written
in the following way:

(z = y)(O(H\F) = (x —y)(Fnr) = 1 — [Fngl- (26)

Let us suppose there is another valid inequality ax + by > ¢,

Z GeTe + Z e + € Z bele > ¢, (27)

eEER GEENR GEENR

such that

{(z,y) € I-RPP(G) = (z = y)(6(S)\F) = (z —y)(Fnr) = 1 — |Fnr[} C
C {(z,y)€1-RPP(G) : ax + by = c}.
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We have to prove that inequality (27) is a linear combination of equalities (3) and (z —
Y)(S(S\F) — (z —y)(Fnr) > 1 — [FNgl.

Let e € Eng \ 6(S). Given that graphs (S, Eng(S)) and (V\S, Eng(V'\S)) are 3-edge
connected, they remain connected after deleting edge e, and there is a 1-RPP tour 7" in G\ {e}
that satisfies (26) with equality (see Note 2). The 1-RPP tour T+2¢, obtained from T by
adding two traversals of edge e, also satisfies (26) with equality. By comparing the equations
ax + by = ¢ corresponding to both tours, we obtain a. + b, =0 Ve € Eng \ (S).

Let T be a 1-RPP tour T build as in Note 2 that traverses all the non-required edges
in G(V\S) and G(S). If any edge €' € Eng is not traversed because it was in the T-join
and has been replaced by its corresponding parallel edge e € Eg, we add two copies of €’
to T'). For each cycle C = C' U (" either on G(V'\S) or in G(S) formed with non-required
edges, the tour T — C obtained after removing from 7T one copy of each edge in C is also a
1-RPP tour satisfying (26) with equality. Proceeding as in the proof of Theorem 2 we obtain
a(C") +b(C") = 0.

Let e = (i,5) € Eng(V\S) (if any). Since (V\S, Eyr(V'\S)) is a 3-connected graph,
there are two edge-disjoint paths P;, Po joining vertices ¢ and j with non-required edges
different from e. Consider the three cycles P;U{e}, PoU{e}, and Py UP,, for which equation
a(C") + b(C") = 0 holds. Hence, we have:

a(P})+b(P!) +ae =0, a(Py)+b(Py)+ae =0, and a(P])+b(P{)+a(Py)+b(P) =0,

and we obtain a. = 0. Furthermore, as a. + b, = 0 holds, we have a. = b, = 0 for all
e € Enp(V\S).

Let be e = (i,j) € Eyr(V\S) (if any). Let Pi, P2 be two edge-disjoint paths as above
and consider the three cycles P; U {e}, P2 U {e}, and P; U P2. Now we have:

a(P}) +b(P!) +be =0, a(Pj)+b(Py)+be.=0,and a(P;)+b(P)+a(Py)+b(P) =

from which we obtain b = 0 and, as a. + b = 0 holds, we have a. = b, = 0 for all
e € E{p(V\59).

In a similar way we obtain a. = b, = 0 for each edge e € Eng(S). Hence, we have
ae =be =0 for all e € Eng \ 0(5).

Let e = (i,7) € dnr(S). If e € Fng, there is a 1-RPP tour of type 2 not traversing
e. If e € §(S)\ F and Fypg # (0 then there is a 1-RPP tour of type 2 not traversing e. If
e € §(S)\ F and Fyr = 0 then |6(S)\ F| > 3 and there is a 1-RPP tour ot type 1 not
traversing e (traversing another edge in §(S)\ F'). In any case, there is a 1-RPP tour T that
satisfies (26) with equality and does not traverses e. The tour T+2¢ also satisfies (26) with
equality and, by comparing the equations ax + by = ¢ corresponding to both tours, we obtain
ae + be = 0 for all e € dnr(S).

Let us suppose there are e1,es € Fygr. Let T! be the 1-RPP tour of type 2 that traverses
once all the edges in I except e; (see Note 2), and let 72 be a similar tour corresponding to
edge ea. Both tours satisfy (26) with equality and, by comparing them, and considering that
ae = be =0 for all edges e € Exg \ 6(S) we obtain ae, = a.,. By iterating this argument, we
obtain a. = A for all e € Fygr. Furthermore, since a. + be = 0 for each e € dyg(S), we have
be = —A. Hence, a. = XA and b, = —\ for all e € Fyg. Note that this is obviously true if Fiyg
contains only one edge.
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Let us suppose there are ej,ea € 6(S)\ F. Let T' be the 1-RPP tour of type 1 that
traverses once the edges in F'U {e;1} (see Note 2), and let T2 be the tour that traverses once
the edges in F'U {es}. Both tours satisfy (26) with equality and, by comparing them, and
considering that a. = b, = 0 for all edges e € Enxg \ §(S) we obtain a., = a,. By iterating
this argument, we obtain a. = u for all e € 6(5) \ F' and, hence, b, = —p for all e € 6(5) \ F.
Again, this is obviously true if §(S) \ F' contains only one edge.

If both sets Fxg and §(S) \ F are non-empty, let e; € Fyg and ey € §(S) \ F. Let T*
be the 1-RPP tour of type 1 that traverses once the edges in F'U {es}, and T? the 1-RPP
tour of type 2 that does not traverses e; nor es. Both tours satisfy (26) with equality and,
by comparing them, we obtain ae, + ae, = 0 and, therefore, A = —u. Hence, we have a. = A,
be = —\ for all e € Fyg, and a. = =\, be = X for all e € §(5) \ F.

By substituting all the previously computed coefficients ae, b in inequality (27) we obtain

> acre = A((z = »OS\F) = (@ = y)(Far)) = .

ecER

Given that any of the 1-RPP tours 1" above satisfies this inequality with equality, we obtain

Z aef)\<1 - |FNR|) =c

EGER

and, hence, inequality (27) reduces to

> aere = Az = 9)GH\F) = (2 = 9)(Faw)) = Y ac = A(1 - |Faml).

EEER EEER

which is a linear combination of equalities (3) and (x —y)(0(S)\F) — (z—y)(Fnr) > 1 —|Fng|.
¢

Note 3 Theorem 8 also applies if one of the two shores S or V' \ S is formed only with one
vertex.

Theorem 9 ;The following is a complete formulation for the 1-RPP:?

re =1, Ve€ ER
Te > Ye, Ve€Engr
Connectivity inequalities (18) + (20)
Parity inequalities (23)
ze €{0,1}, VeeF

Ye € {0, 1}, VGGENR

Proof?: We have to prove that any solution (x*,y*) of (28) is a feasible solution for the
1-RPP. Obviously, (z*,y*) is a binary vector (z},y} € {0,1}, Ve€ E) that represents a graph
on the edges of G satisfying that the second copy of an edge e, y; = 1, only exists if the first
copy does (zF > y!), and that it contains each required edge () = 1, Ve € Eg). It only

e
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remains to prove that the graph represented by (z*,y*) is an Eulerian graph (is connected
and even).

Let us first suppose that the graph represented by (z*,y*) is not connected. Then, there
exist a set S C V' \ {1} such that the cut-set 4(.5) is not traversed, i.e., (z* +y*) (6(5)) =0,
while some edge in E(S) is traversed, say z} = 1 for any f € E(S). Then, the corresponding
connectivity inequality (18) (if f € Eng) or (20) (if f € ER) is not satisfied by (z*,y*).

Let us now suppose that the graph represented by (z*,y*) is not an even graph. Then,
there exist, at least, a cut-set §(S) such that (z*+y*) (§(5)) is an odd number. Let F' C §(5)
be the set of edges e € §(5) satisfying 2} = 1 and y} = 0. Note that |F| is odd. Note also
that the edges in the set §(S) \ F' satisfy z} = y> =1 or 2} =y} =0, i.e., ) —y} = 0. Then,
if we substitute (z*, y*) in the Parity inequality (23) corresponding to §(S) and F,

0= (2" =y")O(SH\F) = («" —y*)(Fnr) — [Far| +1=1

and this inequality is not satisfied by (z*, y*). ¢

4 p-connectivity inequalities

The constraints described in this section were introduced in [7] for the MBCPP to cut off
fractional solutions as the one described as follows. Consider the 1-RPP instance shown
in Figure 1(a), in which the depot is represented by a triangle, each thick line represents
a required edge and each thin line represents a non-required one. Consider the fractional
solution (z*,y*) with values :U?LQ) = yzkm) = :L‘Z‘M) = y>(k1,4) = xz‘274) = yEkZA) = 0.5, and
x’(kzg) = x’(‘2’3), = xaé) = :c’(“475 , = 1, and the remaining variables equal to zero. It can be seen
that this fractional solution satisfies all the inequalities presented in previous sections but it
is cut off with the p-connectivity inequalities we present in what follows.

(a) (b) (c)

Figure 1: 2-connectivity inequalities.

Let {So,...,Sp} be a partition of V such that §(S;) N Er = 0 for all i. Assume we divide
the set {0,1,...,p} = RUN (from ‘Required’ and ‘Non-required’) in such a way that

e i € R if either 1 € S; or Er(S;) # 0 (note that 1 < |R| < p+ 1), and

e ic Nifl¢S; and Er(S;) =0 (note that 0 < |N| < p, and |R| + |N|=p+ 1),

19



and select one edge e; € E(S;) for every i € N. Note that e; € E},. The following inequality

(@+9)(0(S0) +2 Y @(Sr:8)>2) we, +2(|R[—1) (29)

1<r<t<p ieN

will be referred to as a p-connectivity inequality. Note that it is valid for the 1-RPP because
the following p-connectivity inequalities

@+y)(0(So)+2 D a(S:8) =2 >z, (30)

1<r<t<p i=0,i#d

are valid for the MBCPP (it is assumed that 1 € S;) and inequalities (29) are obtained from
(30) after replacing the equalities x., = 1 for all i € R (required edges).

This inequality with p = 2 and |N| = 1 is represented in Figures 1(b) and 1(c), where
for each pair (a,b) associated with an edge e, a and b represent the coefficients of x. and e,
respectively.

Theorem 10 p-connectivity inequalities (29) are facet-inducing for 1-RPP(G) if subgraphs
(Si, ENr(S:)), 1 =0,...,p, are 3-edge connected, |(So:S;)| > 2, Vi=1,...,p, and the graph
induced by V' \ Sy is connected.

Proof: We will assume that 1 € Sy. The case 1 € S;, i # 0, is similar and the proof is
omitted here for the sake of brevity. Inequality (29) can be written as:

(@+y)(6(S0)+2 Y @(Sr:S) =2 we, > 2R|—2. (31)

1<r<t<p ieN

Let us suppose there is another valid inequality ax + by > ¢,

Z GeTe + Z AeZe + € Z betje > c, (32)

ecFEp ecEng e€ENR

such that

{(z,y) € LRPP(G) = (x+y)(6(S0)) +2 D @(Sr:5) =2 ze =2|R| -2} C
1<r<t<p ieN
C{(z,y) € 1-RPP(G) : ax + by = c}.

We have to prove that inequality (32) is a linear combination of the equalities (3) and in-
equality (31).

In the 1-RPP tours used in this proof we will not describe how the edges in each set
E(S;) are traversed. It can be seen that all these tours can be completed by using T-joins,
connecting with non-required edges traversed twice and replacing a traversal of each edge
in E\ by the traversal of its parallel required edge, as described in Note 2 for the parity
inequalities.

Similar arguments to those used in the proof of Theorem 8, lead to prove that a.+b. = 0,
for each e € Engr(S;), i € R and for each e € Eng(S;) \ {ei}, i € N. Furthermore, using the
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3-edge connectivity of graph (S;, Engr(S;)) (hence, there are two edge-disjoint paths Py, P2
joining the end-vertices of e with non-required edges different from e), we obtain that b, = 0.
Hence, we have a, = b, = 0 for all e € Eng(S;), i € R and for all e € Eng(S;) \ {ei}, i € N.

Let S; and Sj, 4,5 # 0 be two sets such that there is an edge e € (S; : Sj). Note
that e € EYp. For the sake of simplicity, let us assume i € R, j € N (with the other
possibilities we would proceed similarly). Since all the sets (Sp : Sk) are non-empty, and
subgraph (S, Eng(Sj)) is 3-edge connected, we can construct the 1-RPP tour that traverses
twice an edge f € (Sp:95;), traverses once the edge e;, traverses all the required edges, and
visits all the sets S;, i € R (see Figure 2(a), where we assume R = {0,...,|R| — 1} and
N ={|R|,...,p}). This tour satisfies inequality (31) as an equality. If we compare this tour
with the one obtained after removing the two traversals of f and all the traversals of edges in
E(S;), we obtain ay + by + a., = 0. We construct two more 1-RPP tours satisfying (31) with
equality such as those depicted in Figure 2(b) and 2(c). By comparing (a) and (b), we obtain
ag;j+boj = a;j+bij = —ae;, and by comparing (a) and (c) we obtain ag;+bo; = a;j+bij = —a;,
where ay; (by;) represents the coefficient of the variable = (y) corresponding to any edge in
(Sk:S;). Given that the graph induced by V '\ Sy is connected, we can iterate this argument
to conclude that a. + b. = 2 for every edge e € (S;:5;) (including (Sp:5;)), and a., = —2X
for each e;, i € N. Given that graph (S;, Eng(S;)) is 3-edge connected and b, = 0 for all
edge e € E(5;) \ {ei}, by comparing a 1-RPP tour traversing e; twice and the tour obtained
by replacing the second traversal of e; by the traversal of a path joining its end-vertices, we
obtain be, = 0 for each e;, i € N.

51 Si Sl Si 51 Si

Figure 2: 1-RPP tours satisfying (31) with equality

For each ¢ € {1,2,...,p}, let e1,e2 be two edges in (Sp : S;) (recall that |(Sp:S;)| > 2
holds). We have already proved that a., + be;, = ae, + be, = 2A\. It can be seen that we
can construct four 1-RPP tours satisfying inequality (31) as an equality as follows. One tour
traverses e; once and does not traverses es. Another tour traverses es; once and does not
traverses e;. By comparing these tours we obtain ae, = ae, and, hence, b,, = b.,. The
third tour traverses both e; and ey once, and the fourth one traverses e; twice and does
not traverses es. By comparing them, we obtain a., = be, and, hence, also a., = b.,, and
ae; = bey = aey = be, = A. Hence, a, = b = A for each edge e € (Sp:5;),i=1,...,p.

As above, let S; and S}, i, j # 0 be two sets such that there is an edge e = (u,v) € (5;:5;)
(again with i € R, j € N, for example). There is a 1-RPP tour T that traverses once edge e,
an edge e; € (50:5;), and an edge e; € (Sp:95;) and satisfies inequality (31) as an equality. If
we remove in T the traversal of e and add the traversal of the edges in a path joining v and v
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formed with edges e;, e; plus some edges in G(Sp), G(S;) and G(S;) \ {e;} (if any of these last
edges is traversed three times, two copies would be removed), we obtain another 1-RPP tour
satisfying (31) as an equality. By comparing both tours we obtain ae = be; + be, = 2, which
implies b = 0 (recall that a. + b = 2X). Hence, a. = 2\, b, = 0, for each edge e € (5;:5;),
i 7.

By substituting all the previously computed coefficients ae, b in inequality (32) we obtain

D aewe — 20D we, +Ax(5(S0)) 20 D a(Sp 1 S) + My(3(S)) e =

e€ER ieN 1<r<t<p
Zaea:e+/\(x+y)( (S0)) + 2\ Z x(Sy : Sy) —2)\er >c.
ecER 1<r<t<p iEN

Given that the 1-RPP tour in Figure 2(a) after removing the two traversals of f and all the
traversals in G(S;), for example, satisfies this inequality with equality, we obtain

> ac+2X0 (IR -1)+0+0=c
ecER

and, hence, inequality (32) reduces to

> acwe + A +y)(0(S0) + 20 D @S 8) =22 me, > Y ae+ AR - 2),

ecER 1<r<t<p 1EN e€ER

which is a linear combination of the equalities (3) and inequality (31). ¢

5 K-C inequalities

K-C inequalities were introduced and proved to be facet-inducing for the undirected Rural
Postman Problem (RPP) in [9]. Since then, several variants of K-C inequalities have been
proposed for many other arc routing problems. In this section we describe a new version of
these inequalities and prove they are valid and facet-inducing for the 1-RPP. We keep calling
them K-C inequalities for the sake of simplicity.

Consider the 1-RPP instance shown in Figure 3, in which the depot is represented by a
triangle, each thick line represents a required edge, each thin line represents a non-required
one, and each large circle represents an arbitrary subgraph containing at least a required
edge.

Let (z*,y*) be the fractional solution with 2% = 1 for the required edges, z} = y> = 0
for the correspondlng parallel non-required edges, CC(Q 4 = y(2 5 = x(g 5) = y2‘375) = 0.5 and
(6 n = =1 y(6 7 = = 0. This solution is “connected” but is not “even” at vertex 2 nor at vertex
3. Furthermore, it cannot be cut off with parity inequalities: For example, associated with
the cut-set §({2}) and F = {(1,2),(2,3),(2,4)} we have the following parity inequality (23)

T2y —Ya2y T T3y — Y3y = Te —Ye4) — 1+

which is not violated by (z*,y*) (as 0 > 0 holds). Note that the fractional solution similar to
(z*,y*) except for :1:2‘2’4) = x?3,5) =1, yz‘2,4) = y?3,5) = 0, is indeed cut off by the above parity

22



Figure 3: A 1-RPP instance where a K-C inequality appear.

inequality. It can also be seen that (z*,y*) satisfies all the p-connectivity inequalities (29).
However, (z*,y*) is cut with the inequalities presented in this section.

Let {So,...,Sk}, with K > 3, be a partition of V' such that §(S;) N Er = 0 for all
i=1,2,..., K — 1. Assume we divide the set {1,..., K — 1} = RUN (from ‘Required’ and
‘Non-required’) in such a way that

e i € R if either 1 € S; or ER(S;) # 0 (note that 0 < |R| < K — 1), and
e ic Nifl¢S; and Er(S;) =0 (note that 0 < |N| < K — 1, and |R|+ |N| = K — 1),

and select one edge e; € E(S;) for every ¢ € N. Note that e¢; € Efp. Let F C (Sp : Sk)
be a set of edges, with |F| > 2 and even, and (Sp : Sx)r C F. Let us denote here F' =
FrUFyr = FrRU Fjp U Fip. The K-C inequalities for the 1-RPP are defined as:

(K = 2)(@ = 4)((So: ) \ F) = (K = 2)(@ = y)(Fag) +

+ 3 (G- a8 S + 2= +iy(Si5)) =23 we, = 2IR| — (K~ 2)|Fagl (33)
0<i<j<K iEN

(4,5)#(0,K)

The coefficients and structure of the K-C inequalities are shown in Figure 4, where we
assume R = {1,...,|R|} and N = {|R| + 1,..., K — 1}. Edges in F (required and non-
required, if any) are represented by thick lines. For each pair (a,b) associated with an edge
e, a and b represent the coefficients of x. and y., respectively.

K-C inequalities (33) are valid for 1-RPP(G) because they are obtained from the corre-
sponding K-C inequality for the MBCPP after replacing each x. by one and removing the y,
variables for all the required edges e. It is easy to see that, when K = 2, K-C inequality (33)
reduces to a connectivity inequality (20) when 1 € R and to a connectivity inequality (18)
when 1 € V.

Regarding the fractional solution (z*,y*) described above for the instance represented
in Figure 3, note that the K-C inequality (33) with K = 3, F = {(1,2),(2,3)} and (Sp :
Ss)\ F={(1,2),(2,3)'},

T2y — Y2y T T3y — Y3y T T4 +Ye4) T e Y6 T T35 Y35 =4
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Figure 4: Coefficients of the K-C inequality
is violated by (z*,y*) (as 0 + 3 < 4 holds).

Note 4 Les us describe several types of 1-RPP tours that satisfy the K-C inequality (33)
with equality that will be used in the proof of Theorem 11. We do not detail how the edges in
each set E(S;) are traversed. Note that if subgraphs (S;, Enr(S;)), ¢ = 0,..., K, are 3-edge
connected, all these tours can be completed by using T-joins as described in Note 2 for the
parity inequalities. All of them traverse all the required edges. Note also that, although sets
(So : Sk)\F and Fng could be empty sets, they cannot be empty simultaneously, because
FnrU(So : Sk)\F = (So : Sk)nr and, as in Theorem 11 is assumed that |Fg| > 2, (Sp : Sk)
contains at least two non-required edges.

Figure 5: 1-RPP tours described in Note 4 and used in the proof of Theorem 11
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(a) Tours traversing exactly once each edge in F', twice each edge e;, for all i € N, and
connecting sets S;, j =0,1,2,..., K — 1, with either two different edges in (S; : Sj4+1) used
once or an edge used twice, as in Figure 5(a). Additionally, these tours could also traverse
twice any edge (not drawn) in (S : Si) \ F. These tours satisfy (33) with equality:

—(K = 2)|Fnr| +2(K — 1) = 2IN| = 2|R| — (K — 2)|Fir|.

(b) Tours traversing once each edge in F' and one more edge in (Sp : Sk) (this could be
a second traversal of an edge in Fygr), once each edge e;, i € N, and connecting sets S;,
j=0,1,2,...,K — 1, with exactly an edge in each set (S; : Sj+1),j = 0,..., K — 1 (see
Figure 5(b)). These tours satisfy (33) with equality:

(K —2) — (K = 2)|Fng| + K = 2IN| = 2|R| — (K — 2)|Fnr|.

(c) Only if Fyg # 0, tours traversing exactly once each edge in F' except one of them in
Fnr, once each edge e;, ¢ € N, and connecting sets Sj, j =0,1,2,..., K — 1, with exactly an
edge in each set (S; : Sj41),7 =0,..., K —1 (see Figure 5(c)). These tours satisfy (33) with
equality:

(K —2) (\FNR\ ~ 1) + K — 2N = 2[R| — (K — 2)|Fugl.

(d) Tours traversing exactly once each edge in F, twice each edge e; except one of them,
say ep, and connecting sets Sj, j # p as in Figure 5(d). These tours satisfy (33) with equality:

—(K = 2)|Far| +2(K —2) = 2(|N| = 1) = 2|R| = (K = 2)| Fxzl.

(e) and (f) Tours traversing exactly once each edge in F, twice each edge ¢;, for all i € N,
and connecting sets Sj, j =0,1,2,..., K — 1 as shown in Figure 5(e) and 5(f). These tours
also satisfy (33) with equality.

Theorem 11 K-C inequalities (33) are facet-inducing for 1-RPP(G) if subgraphs
(Si, Enr(S:)), i = 0,...,K, are 3-edge connected, |(S; : Sit1)] > 2 fori =10,...,K — 1,
and |Fr| > 2.

Proof: Assume that 1 € Sy. The proof for the case 1 € S;, i # 0, is similar. Let us suppose
there is another valid inequality az + by > ¢,

Z GeTe + Z AeTe + Z beye > c, (34)

e€ER e€ENR e€ENR

such that

{(z,y)€1-RPP(G) : (=,y) satisfies (33) with equality} C {(z,y) €1-RPP(G) : az + by = c}.
We have to prove that inequality (34) is a linear combination of the equalities (3) and in-
equality (33).

Let e € Engr(Si), i € {0,1,..., K}, different from e; if i € . Similar arguments to those
used in the proof of Theorem 8 using the 3-edge connectivity of graph (S;, Enr(S;)) lead to
prove that a, = b, = 0.
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Let e € (Sy : Sk)nr and let T be a 1-RPP tour of type (¢) in Note 4 that does not
traverse edge e. The 1-RPP tour T72¢ also satisfies (33) with equality, since 7. = y. = 1
and the sum of the coefficients of both variables in (33) is zero. By comparing the equations
ax + by = ¢ corresponding to both tours, we obtain that a. + b = 0, for all e € (Sp : Sk)Nr-

For each i € NV, let T! be the 1-RPP tour of type (a) in Note 4 traversing twice an edge in
each set (S; : Sj41), 7 # i and let T2 be the 1-RPP tour of type (d) traversing twice the same
edge in each set (Sj : Sj41), j # i—1,4. By comparing the corresponding equations axz+by = ¢
of both tours, we obtain that a. + be + ae;, + b, = 0 for all e € (S;—1 : S;). If we consider
the 1-RPP tour 7% of type (a) traversing twice an edge in each set (S : Sj+1), j # i — 1,
by comparing the equations corresponding to 72 and T2 we conclude a, + b, + ae; + be, =0
for all e € (S; : Siy1). For each i € R, let T' and T2 two 1-RPP tours of type (a) defined
as above. By comparing them we conclude that a. + b, = ay + by for all e € (S;_; : S;) and
f € (S; : Siy1). By iterating this argument, we obtain that a.+b. = 2\ for all e € (S; : S;11),
i=1,...,K —1, and a,, + b, = —2X for all i € N/, where X is a certain constant value.

For each i € N, let T! be the 1-RPP tour of type (b) in Note 4 traversing edge e; = (u,v)
once. Given that (S;, Engr(S;)) is 3-edge connected graph, we can find a path connecting
u and v that does not use e;. If we add this path plus one copy of e; to T, we obtain a
1-RPP tour T2 also satisfying (33) with equality. By comparing both tours, and given that
ae = b =0 for all e € E(S;) \ {e;}, we obtain b, = 0 and, therefore, a., = —2\.

For each ¢ € {0,1,2,...,K — 1}, let e, f be two edges in E(S; : Sj+1) (recall that
|(Si, Si+1)| > 2 holds). There are two 1-RPP tours T and T of type (b) in note 4 traversing
edges e and f once respectively. Comparing both tours, we get a. = ay. Since we have proved
that ae + 0. = 2\ = ay + by, we have b, = by. Furthermore, let T3 be a tour of type (a)
traversing edge e twice and T* a similar tour traversing e and f once. By comparing these
tours, we obtain b, = ay and, since ay = ae, we get a. = b.. Therefore a. = b = X for each
edge e € E(S; : Si11), for all i € {0,1,2,..., K — 1}.

Let e € Fng (if any). By comparing the 1-RPP tour of type (b) traversing once all the
edges in F' except edge e that is traversed twice, and the 1-RPP tour of type (c) traversing
once all the edges in F' except edge e that is not traversed, we obtain that a. + b. = 0. On
the other hand, by comparing the 1-RPP tour of type (a) traversing once all the edges in
F and the previous 1-RPP tour of type (c) we obtain that a. + A(K — 1) — A = 0. Hence,
ae = —A(K —2) and b, = A\(K — 2).

Let e € E(So:Sk)\F (if any). By comparing the 1-RPP tour of type (a) traversing once
all the edges in F' and not traversing e and the same tour by adding two copies of e we obtain
that ae + be = 0. On the other hand, by comparing the 1-RPP tour of type (a) traversing
once all the edges in F' and the 1-RPP tour of type (b) traversing once all the edges in FU{e}
we obtain that —a. + A(K — 1) — A = 0 and, hence, a. = —A\(K — 2).

Finally, for each edge e € E(S; : S;), |i — j| > 1, comparing tours of type (a) and (e)
in Figure 5, we obtain a. + be = 2A. Then, comparing tours of type (e) and (f), we obtain
be + A(Ji — j| — 1) = A\. Therefore, be = A(2 — |i — j|) and ac = AJi — j|.
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By substituting all the previously computed coefficients ae, b, in inequality (34) we obtain

3 aeze + MK —2)(x —y) ((SO . Sk) \F) MK —2)(z — y)(Fxg) +

ecER
+A Z(]—z (Si:8;)+(2—J4+1)y(S; )—2)\er>c
0<i<j<K ieN
(4,5)#(0,K)

Given that the 1-RPP tour of type (a) in Note 4, for example, satisfies this inequality with
equality, we obtain

> ae— (K= 2)|Farl + 20K~ 1) = 22N = ¢ = 3 ac+A(2R| (K - 2)| Fazl) = c.
eekR eeEbp

and, hence, inequality (34) is a linear combination of equalities (3) and inequality (33). 4

6 Conclusions

We have studied the Rural Postman Problem (RPP) with two special features. First, it
is defined in a graph with a non-required edge parallel to each required one. Second, it is
formulated with three binary variables associated with the traversal of a required edge and its
parallel non-required one, although some variables are superfluous. This model is interesting
by itself and moreover it is the special case for K = 1 of the RPP with K vehicles (K-RPP).
The polyhedron defined by the convex hull of the set of feasible solutions of the 1-RPP has
been studied, proving that several wide families of inequalities are facet inducing of it. These
results are used in [3] for the corresponding polyhedral study of the K-RPP with K > 1.
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